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SIMULATION OF QUANTUM TRANSPORT IN HIGH 
ELECTRON MOBILITY TRANSISTOR; PART II: THE 
FULL QUANTUM TRANSPORT 
R. KHOIE 
Department of Electrical and Computer Engineering, University of Nevada, Las Vegas, 
Las Vegas, NV 89154 
(Received 24, March, 1995) 
In Part I of this paper we reported a self-consistent Boltzmann-Schrodinger-Poisson simulator for HEMT in 
which only electrons in the first subband were assumed to be quantized with their motion restricted to 2 
dimensions. In that model, the electrons in the second and higher subbands were treated as bulk system behaving 
as a 3 dimensional electron gas. In Part II of this paper, we extend our simulator to a self-consistent full-quantum 
model in which the electrons in the second subband are also treated as quantized 2 dimensional gas. In this 
model, we consider the electrons in the lowest two subbands to be in the quantum well forming the 
2-dimensional electron gas, and the electrons in the third and higher subbands to behave as bulk electrons with 
no restrictions in their motion. We have further incorporated an additional self-consistency by calculating the 
field-dependent, energy-dependent scattering rates due to ionized impurities and polar optical phonons. The two 
higher moments of Boltzmann transport equation are numerically solved for the two lowest subbands and the 
bulk system; six transport equations, four for the two subbands and two for the bulk system. The SchrOdinger 
and Poisson equations are also solved self-consistently. The wavefunctions obtained are used to calculate the 
ionized impurity scattering and the polar optical phonon scattering rates. The rates of transfer of electrons and 
their energies to and from each subband are calculated from these intersubband and intrasubband scattering rates. 
KEYWORDs: Numerical; transport; HEMT; quantum; self-consistent; scattering 
1. INTRODUCTION 
At 77°K, 98 percent of electrons in the quantum well of a HEMT device reside in the 
lowest subband whereas at 300°K, the population of electrons residing in the lowest 
subband reduces to 68 percent [1]. In fact, at 300°K close to 20 percent of electrons in the 
quantum well reside in the second subband with their motion restricted to two dimensions. 
In Part I of this paper, we presented a self-consistent Boltzmann-Schrodinger-Poisson 
simulator for HEMT [2], in which the quantization of electrons in the quantum well was 
taken into account. In that model, however, we assumed that only the electrons in the first 
subband were quantized, and that the electrons in the second and higher subbands behave 
as bulk electrons with no dimensional restriction in their motion. This assumption, 
particularly at 300°K, in light of the fact that only 68 percent of electrons reside in the first 
subband, becomes questionable. 
In Part II of this paper, we extend our One Subband Boltzmann-Poisson-SchrOdinger 
(OS-BPS) simulator to a Full Quantum Boltzmann-Poisson-Schrodinger (FQ-BPS) 
model. In this model, we consider the electrons in the lowest two subbands to be in the 
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quantum well forming the 2-dimensional electron gas, and the electrons in the third and 
higher subbands to behave as bulk electrons with no restrictions in their motion. Taking 
the quantization of electrons in the third subband into consideration, as the notion of "Full 
Quantum" implies, would not significantly improve the accuracy of the model, because of 
relatively small population of electrons in that subband, or at least, the computational 
effort required is not justified for the added accuracy of the results. 
In our FQ-BPS model, we solve Boltzmann, Poisson, and Schrodinger equations for the 
first subband, second subband, and the bulk system. An additional self-consistency has 
been added by calculating the intersubband and intrasubband scattering due to polar 
optical phonon and ionized impurity scattering mechanisms [3]. The rates of transfer of 
electrons and their energies to and from each subband are calculated from the intersubband 
and intrasubband scattering rates, and are used in the in a self-consistent manner in the 
Boltzmann-Poisson-Schrodinger simulator. 
2. FULL QUANTUM TRANSPORT 
2.1. Boltzmann-Poisson-Schrodinger System 
In the full quantum transport model the Poisson and Schrodinger equations are written as 
before [2]: 
(1) 
and 
(2) 
where q is the electronic charge, e the dielectric constant, n the total electron 
concentration, Nv the doping level, m* is the electron effective mass, V(x, y) the 
electrostatic potential, and t!J; the wavefunction corresponding to the eigenenergy E; for the 
i-th subband. 
For FQ-BPS model, the two higher moments of Boltzmann transport equation require 
considerable modifications. The particle conservation, Eq. (3), and the energy conserva-
tion Eq. (4) for the first two subbands of the quantum well are written as: 
(3) 
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a(n;(X, t)E;(X, t)) 
at = -Jo'vV(x) + '1·(-JlE,ini(x, t)E;(x, t)"VV(x) + "il(DE,in;(x, t)E;(x, t))) 
+ I, tftj- njfioj) - I, (n;E;- n;fiio) - I, (nj- noj) hwo i = 1, 2 (4) 
j'f.i TEji j.Pi TE,ij j.Pi Tji 
In the above equations i = 1, 2 refers to the first and second subbands, respectively. n 
is the electron concentration, J is the electron current density, q is the electronic charge, 
1-l; is the mobility, D; is diffusivity, 1-lE,i is flux mobility, DE,i is the flux diffusivity, E is the 
average electron energy, T ij is particle relaxation time, T E,ij is energy relaxation time for 
particles moving from subband ito subbandj, and hw0 is the polar optical phonon energy. 
'1 represents a/ay in the one-dimensional quantum well. The first summation term 
<I.tt-i (nj - noj I Tj;)) in Eq. (3), accounts for the particles moving from subband j to 
subband i, and the second summation term (- I.tt-i (n; - n0 ; I Tij)) in Eq. (3), accounts for 
the particles moving from subband i to subband j. The first summation term 
(I,j.Pi (nftj - njfioj I TEji)) in Eq. (4) accounts for the energy gained due to the movement 
of particles from subband j to subband i, and the second summation term ( - I.tt-i 
(n;E; - n;fiio I TE,ij)) in Eq. (4), accounts for the energy loss due to the movement of 
particles from subband i to subband j. Finally, the last summation term ( - I,j*i 
(nj - noj I Tj;))hw0), in Eq. (4) includes the effect of the loss of energy by the electron to 
the polar optical phonons. 
In the bulk (electrons in the third and higher subbands), particle conservation, and 
energy conservation equations are: 
an 
at= "il·(- pn"VV + 'l(Dn)) + G; i = 1, 2 (5) 
a(nE) 
-- = -J·"VV- nB + "il·a(- pnE'lV + 'l(DnE)) + F; i = 1, 2 (6) 
at 
where B is the energy dissipation factor, a is a constant relating 1-1 to 1-lE and D to DE. '1 
represents (iJ/ax, a/ay) in the two-dimensional bulk. The term Gi is the generation-like term 
that takes into account the transfer of electrons between the bulk and the first (i = 1) and 
second (i = 2) subbands. The term Fi is a similar term that takes the rate of energy transfer 
between the bulk and the two sub bands into consideration [ 4]. 
2.2. Self-consistent Scattering Rates 
The eigenfunctions obtained from the Boltzmann-Poisson-Schrodinger simulator are used 
to calculate the ionized impurity scattering and the polar optical phonon scattering rates 
for the two lowest subbands in the quantum well. The rates of transfer of electrons and 
their energies to and from each subband are calculated from these intersubband and 
intrasubband scattering rates. For independent scattering mechanisms, the total scattering 
rate (the total scattering rate represents the probability per unit time that an electron with 
a state wave vector K1 is scattered into a state with a wave vector K2) is defined by [5]: 
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1 1 1 
an = T. + -r;op = L S(Kl, K2) (7) 
Trot tot tot 
where the superscript I denotes the impurity scattering, and pop denotes the polar optical 
phonon scattering, Tis the relaxation time, and S(K1, K2) is the probability of an electron 
being scattered. The polar optical phonon scattering rate is given by [1]: 
C'l)o e2w0 [ 1 1 J 1 1 J HmnCQ) 
,,._ 'P = - - - - (N + - ± -) X -- 8(E(k ) - E(k ) ± hw )dk 
mn 8'TTE E E q 2 2 Q 2 1 0 2 0 oc s 
(8) 
where, Eoc and e. are the optical and static dielectric constant, hw0 is the polar optical 
phonon energy, Q is the phonon wave-vector component parallel to the interface, k1 and 
k2 denote the initial and final state wave vectors. Nq is the phonon occupation number, and 
E(k1) and E(k2) are the initial and final state energies. Hmn(Q)'s are the multisubband 
coupling coefficients and are given by [2]: 
(9) 
where \jlmn(z) = \jlm(z)\jln(z) are obtained from the eigenfunctions of Schrodinger equation. 
The ionized impurity scattering rate is given by [1]: 
(10) 
The matrix elements Mmn(Q) account for the electron-impurity interactions. For more 
details of the modeling of scattering rates see [3]. 
2.3. Numerical Methods 
As shown in the flow chart of Fig. 1, we begin the numerical simulation with an initial 
guess for the electron densities in the bulk and in the quantum well. Then, we start the 
iterative process by solving the Poisson and Schrodinger equations self-consistently, from 
which we obtain the electrostatic potential V, the eigenvalues E;, and the wavefunctions 
\jl;. The scattering rates are calculated next, using the eigenvalues and wavefunctions 
obtained. The mobilities and the coupling terms in the Boltzmann equations are derived 
from these scattering rates. Finally we solve the two moments of Boltzmann equation and 
obtain the lv- Vv characteristics of the device. For details of the numerical discretization 
of the system of differential equations and the numerical instability problems see Part I of 
this paper [2] and also [6] and [7]. 
3. RESULTS 
The structure of the HEMT device used in our simulations is that reported in Part I of this 
paper. The variations of the drain current with the drain voltage are calculated under three 
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Figure 1 The Flow chart of the numerical iteration in 
FQ-BPS model. 
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different gate biasing conditions: V8 = 0.45 V, 0.5 V, and 0.7 V. Fig. 2 shows the lv- Vv 
characteristics of the device along with those calculated by our One Subband Boltzmann-
Poisson-SchrOdinger (OS-BPS) simulator [2]. In both cases, the slopes of the lv - Vv 
curves decrease as drain voltage increases, but the Full Quantum Boltzmann-Poisson-
SchrOdinger solver (FQ-BPS) model predicts lower drain currents. The reason is that with 
the scattering rates included in the model, the electron density in the quantum well 
decreases, which results in lower drain currents. The overestimation of the drain current 
by the (OS-BPS) model can be seen from the lv- Vv characteristics of Fig. 2. In FQ-BPS 
model, when a gate bias of 0.7 V is applied, the slope of the drain current decreases 
substantially above a drain voltage of 0.8 V, which is the satu\'ation region, whereas the 
drain current obtained from OS-BPS model still has a sharp slope as the drain voltage is 
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Figure 2 ID- VD characteristics: (OS-BPS) are the results from the 
one subband Boltzmann-Poisson-Schrodinger solver, and (FQ-BPS) 
are the results from the full quantum Boltzmann-Poisson-Schrodinger 
simulator. 
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increased, and the onset of saturation occurs at around 1.2 V. Therefore, the FQ-BPS 
model shows that the device goes into saturation at a lower drain voltage than the value 
predicted by OS-BPS model. 
Fig. 3 shows the variations of the electrostatic potential with a gate voltage of 0. 7 V, and 
drain voltages of 0.5 V, and 1.35 V. Under these biasing conditions, the electron 
concentrations in the bulk, first, and second subbands are shown in Figs. 4 through 6. The 
concentration of the electrons in the quantum well (for the lowest two subbands) is 
obtained by multiplying the probability density \jl;(x)2, (fori= 1, 2), by the electron sheet 
density. The most important observation that can be made is that at room temperature, 72 
percent of electrons reside in the first subband and 26 percent reside in the second 
--·~-··-··-
> 
-
105 
y (x 10-6 Cm) 
Figure 3 Electrostatic potential with a gate voltage of 0.7V and a) a 
drain voltage of O.SV, b) a drain voltage of 1.3SV. 
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Figure 4 Electron concentration in the bulk with a gate voltage of 
0. 7V and a) a drain voltage of 0.5V, where we observe the pinch-off, b) 
a drain voltage of 1.35V. 
subband. These results agree very well with those calculated by the Monte Carlo simulator 
reported by Yokoyama and Hess [1] who concluded that the population of electrons in the 
first and second subband are 68 percent, and 20 percent, respectively. It is therefore 
concluded that full quantum modeling of HEMT must include the quantization of 
electrons in the second subband, as well as the coupling terms between and amongst the 
subbands. 
The multisubband coupling coefficients, H 1n(Q), (From Eq. (9)), calculated by the 
FQ-BPS model are depicted in Fig. (7a), and those calculated by the Monte Carlo 
simulator of Yokoyama and Hess [1] are shown in Fig. (7b). The agreement between the 
two sets of data is excellent. The FQ-BPS simulator, however, uses substantially less 
computation time than the Monte Carlo simulator. 
~ , 
I 
lx1015 
£: 1" ~ 1.5xl0' 
~ 
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lxl01s _jj~~W~M:~~~~ 
.z. 
0.05 y 
Figure 5 Electron concentration in the quantum well for the first 
subband with a gate voltage of 0.7V and a) a drain voltage of 0.5V b) 
a drain voltage of 1.35V. The concentration of the electrons in the 
quantum well is obtained by multiplying the probability density IJ.I 1(xi 
by the electron sheet density. 
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The drain current as a function of the gate voltage under a constant drain voltage of 1.0 
Vis shown in Fig. 8(a), along with the results from our OS-BPS model. Fig. 8(b) shows 
the total charge, Q, in channel as a function of the applied gate voltage, V8 , along with the 
result from the OS-BPS model. The values of transconductance under various gate 
voltages are shown in Fig. 9(a), compared to the results of our OS-BPS model. It can be 
seen that with our FQ-BPS model, as it has been reported by Widiger, [8] Loret [9], and 
.Kizilyalli [10], the transconductance increases with the gate voltage at low gate voltages, 
and then decreases as the gate voltage is further increased. This effect is not seen in the 
OS-BPS results, where the transconductance decreases linearly. Similar patterns are 
observed in Figs. 9(b) and 9(c), where the gate capacitance and unity-gain frequency are 
presented, respectively. With the FQ-BPS model we obtain smaller drain currents and 
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Figure 6 Electron concentration in the quantum well for the second 
subband with a gate voltage of 0.7V and a drain voltage of 0.5V (at a 
different angle, where we see the two peaks due to l)J2). 
smaller transconductances compared to the OS-BPS model. For example, at a gate bias of 
about 0.625 V, FQ-BPS predicts a transconductance of 316 mS/mm, compared to 520 
mS/mm predicted by OS-BPS model; a gate capacitance of 17.68 pF/cm, compared to 21 
pF/cm; and a unity-gain frequency of 28.44 GHz, compared to 39 GHz. 
4. CONCLUSIONS 
A full-quantum Boltzmann-Poisson-Schrodinger simulator, (FQ-BPS), with two-subband 
quantum transport model has been developed. In this model we have considered the 
electrons in the lowest two subbands to be in the quantum well forming the 2-dimensional 
electron gas, and the electrons in the third and higher subbands to behave as bulk electrons 
with no restrictions in their motion. We have further incorporated an additional 
self-consistency by calculating the field-dependent, energy-dependent scattering rates due 
to ionized impurities and polar optical phonons. 
The results of the polar optical phonon and ionized impurity scattering rates from our 
FQ-BPS are in very good agreement with those calculated by significantly more 
computation intensive Monte Carlo simulators reported by others. [1] 
From the results of the In - Vv characteristics of these devices it has been found that 
at a given gate voltage, the FQ-BPS model predicts lower transconductance and drain 
currents than the OS-BPS. The overestimation by OS-BPS model is mainly due to the 
scattering rates that were not included in the quantum well. Also, with the FQ-BPS model 
we observe the well known pattern reported by [8]-[10], in which the transconductance 
increases with the gate voltage at low gate bias, and as the gate bias is increased further, 
the transconductance starts to decrease. This pattern was not seen in the OS-BPS results. 
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Figure 7 Multisubband coupling coefficients H 1.(Q), for transfer of electrons from the first subband to the 
other subbands as a function of Q, the phonon wave vector, calculated by: (a) FQ-BPS model, and (b) Monte 
Carlo simulator reported by Yokoyama and Hess [1]. 
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Figure 9 a) Transconductance, (b) gate capacitance, and (c) unity gain frequency under a drain voltage of 1.0 
V. (OS-BPS) are the results from the one subband Boltzmann-Poisson-Schrodinger solver, and (FQ-BPS) are 
the results from the full quantum Boltzmann-Poisson-SchrOdinger model. 
We therefore conclude that the quantization of the electrons in the second subband of 
the quantum well is essential in any numerical simulation of HEMT, and these electrons 
must not be considered as bulk. Treating these electrons as bulk indeed introduces error 
in the results in the form of overestimation of the drain current, the channel-conductance, 
and transconductance as well as unity-gain frequency. 
The results produced by our FQ-BPS model suggest the significance of incorporating 
the quantum transport of the electrons in the second subband. It is, however, believed that 
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taking the quantization of electrons in the third and higher subbands into consideration, 
as the notion of "Full Quantum" implies, would not significantly improve the accuracy of 
the model, because of relatively small population of electrons in those subbands, or at least 
the computational effort required is not justified for the added accuracy of the results. 
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